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EE421/521 
Image Processing 
Lecture 6 
SAMPLING & RESAMPLING 

2 

Introduction 



07/11/13 

2 

Sampling 

3 

¢  Analog to digital conversion (with a given 
sampling rate) 

4 

Resampling 

Interpolation 

Decimation 

¢  Sampling rate conversion (digital to digital) 
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Sampling Structure 

Quincunx Square 

Rectangular 

6 

Recall Fourier Spectrum 

Y 

Cr 

Cb 

Spectrum Spectrum 
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Smaller Bandwidth Enables 
Coarser Sampling  

Y 
Cr 

Cb 

Spectrum 

Spectrum 
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MPEG Sampling Format 
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Fourier Analysis 
of Sampling 

Sampling 
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Implied Reconstruction is  
a Low Frequency Signal 

13.03.2009 EEE5521 IP - Sampling & Fourier Analysis 12 



07/11/13 

7 

Undersampling Results in 
Aliasing 

Aliasing: High Frequency Parts 
Appear at Low Frequencies 

Square sizes: 16, 6, 0.9, 0.5, left-to-right & up-to-down, respectively. 
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Aliasing Caused by Downsizing 
 

Anti-Aliased Image 
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Forier Analysis of Aliasing  

Aliasing for a Sinusoidal 



07/11/13 

10 

Aliasing 
 

Ω: Frequency of the sinusoidal    T: Sampling interval 

π -π ΩT 

ω 

-ΩT 

ΩT<π 

2π -2π 

Reconstructed frequency: Ω 

π -π ΩT 

ω 

-ΩT 2π -2π 

ΩT<π 

Reconstructed frequency: Ω 

π -π 2π-ΩT 
ω 

-(2π-ΩT) 2π -2π 

ΩT>π Reconstructed frequency: 2π/T-Ω 

20 

Resampling: 
Interpolation & 
Decimation 
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Downsampling & Upsampling 

2:1 Downsampling 1:3 Upsampling 

22 

Interpolation: Upsampling 

π -π 

Extraneous frequencies 
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1:2 Upsampling Example 

23 

¢  Insert zeroes 

24 

Interpolation: LP Filtering 
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1:2 Interpolation Example 

25 

¢  Low-pass filter fills in for zeroes 

26 

1-D Decimation: Downsampling 

-π π 
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2:1 Downsampling Example 

27 

1.  Set every other sample to zero 
2.  Remove those zero samples 

28 

Low-pass 
Filtering for 
Resampling 
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20.03.2009 EEE5521 Sampling Conversion & 
Enhancement 
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Practical Lowpass Filters 

Simple lowpass filtering 
examples 

30 

Zero-order hold (box) 
Pixel replication 

Bilinear (triangular) 

Original 
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31 

Ideal LP Filtering in Time 

32 

Approximation to Ideal 
Lowpass Filter 
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Bilinear vs. Cubic spline 
(Bicubic) Close-ups 

33 

Bilinear Bicubic 

34 

Cubic Spline Filter 
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1st order continuity: 
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Cubic Spline (C-Spline) Filter 

21)( xxy −=

232 )2)(1(2210168)( −−−=−+−= xxxxxxy

0 1 2 -1 -2 

36 

3:1 C-Spline Filter Coefficients 

0 1 2 -1 -2 
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Coeff.’s add up to 3! 
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37 

2-D Interpolation 

Existing 
samples 

Missing 
samples 

For 3:1 2-D 
interpolation, 
there are 8 
missing samples 
for every existing 
sample 

38 

2-D Decimation 

Samples to 
retain 

Samples to 
discard 

For 3:1 2-D 
decimation, there 
are 8 samples to 
be discarded for 
every sample to 
be retained 



07/11/13 

20 

20.03.2009 EEE5521 Sampling Conversion & 
Enhancement 
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3:1 2-D C-Spline Filter Coeff.’s 
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2-D Filter is 
Separable! 

40 

Implementation of a 
Separable 2-D Filter 
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NN log2Two 1-D convolution computations:  

Rather than one 2-D convolution:  22 logNN

rows 

columns 
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1-D Decimation: LP Filtering 

2:1 Decimation Example 

42 

without  prefiltering 
before downsampling 

with  prefiltering 
before downsampling 
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Sampling Rate Change by a 
Fraction 

Sampling conversion by 3/2 

44 

3:1  
low-pass 

filter 

3:1 upsampling 2:1 downsampling 
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Sampling conversion by 3/2 

45 

L=3 

Sampling conversion by 2/3 

46 

L=3 
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47 

Sampling 
Structure (Lattice) 

48 

Rectangular Sampling 
¢  2D rectangular still image: 

¢  Sample at locations:   

¢  Sampled signal in dicrete coordinates: 

¢  Sampled signal in continuous coordinates: 
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Rectangular Sampling 
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Rectangular Sampling 

¢  As a result of sampling, 
the Fourier spectrum 
replicates in the 2D 
frequency plane.  

¢  There is no aliasing if the 
spectrum of the original 
image is within the 
rectangle given as 
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51 

Aliasing in 2-D 

52 

Low-Pass Filtering in 2-D 
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Rectangular vs.  
Non-Rectangular Sampling 

54 

Non-Rectangular Sampling 
¢  Define 2 basis vectors 

¢  Such that 

⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
=

22

12
2

21

11
1 ,

v
v

v
v
v

v !!

[ ] ⎥
⎦

⎤
⎢
⎣

⎡
==

⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡

2221

1211
21

2

1

2

1

vv
vv

vvV

m
m

V
x
x

!!

Sampling  
locations 

Sampling matrix 

2211
2

1 mvmv
x
x !!

+=⎥
⎦

⎤
⎢
⎣

⎡



07/11/13 

28 

55 

Sampling Lattice 

13.03.2009 EEE5521 IP - Sampling & Fourier Analysis 56 

Reciprocal Lattice 
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Spectrum of the Sampled 
Signal 

58 

Hence, in Fourier Domain… 

[ ] [ ]

1221

1221

2121

,
0,0

1

))(
det

1)(

shown that becan It 

vuvu
vuvu
vvuu

IVU

kUFS
V

FS

TT

T

T

k
cp

!!!!

!!!!

!!!!

!!!
!

⊥⊥⇒

==⇒

=

=

−= ∑

2u

1u



07/11/13 

30 

59 

Nyquist Sampling 

60 

Sampling Efficiency 
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Sampling is more efficient if the Voronoi  
cell of the reciprocal matrix encloses the  
signal spectrum as tightly as possible 



07/11/13 

31 

61 

Sampling 
Structure 
Conversion 

62 

Sampling Conversion 
Generalized to Lattices 

Progressive Quincunx 
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63 

Sampling Conversion 
Extended to Lattices 

s(x) 

u(x) w(x) 

y(x) 

insert 
0’s 

remove 
samples 

64 

Lattice Algebra 
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65 

2 
1 

66 

Fourier Spectrum 
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Project 1.6 
Resampling 
Due 14.11.2013 

67 

Project 1.6 

1.  Select an arbitrary image.  
2.  Downsample it by a factor of 8. 
3.  Decimate it by a factor of 8. 
4.  Decimate it by a factor of 4 and then interpolate by a factor of 4. 
5.  Interpolate it by a factor of 4 and then decimate by a factor of 4. 
6.  Compare the images obtained in Steps 2 and 3, and comment on their 

differences. 
7.  Calculate the RMSE values between the original image and the 

images obtained in Steps 4 and 5. Comment on the results. 

68 
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Next Lecture 

¢ GEOMETRIC TRANSFORMS 

69 


